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1. Introduction

This application note documents mathematical approximations to inverse trigonometric
functions used in the NXP Sensor Fusion Library and contained in the file
approximations.c.

The approximations are more efficient than the standard C floating point library when
implemented on an integer microcontroller but are still highly accurate. The results are
also computed directly in degrees rather than radians saving the additional floating point
multiplication required to convert from radians to degrees.

The mathematics underlying these approximations first transforms inverse sine and
inverse cosine calls to an inverse tangent with modified argument. The argument of the
inverse tangent is then transformed again allowing a call to a Pade[3,2] rational
approximation to the inverse tangent in the limited range 0 to 15°.

The benchmarks in the following table were measured on the NXP FRDM-KL25Z board
which uses a 32-bit ARM® MO+ integer core running at 48 MHz (48 million clock ticks per
second). A floating addition or multiply, by comparison, typically take just 120 to 150
clock ticks when emulated on an integer 32 bit core. Inverse sine, cosine and tangent
calls are extremely expensive.

C99 library function approximations.c

float asinf(float x) float fasin_deg(float x)
4000-6000 clock ticks 3000-4000 clock ticks

float acosf(float x) float facos_deg(float x)
4000-6000 clock ticks 3000-4000 clock ticks

float atanf(float x) float fatan_deg(float x)
3800-4800 clock ticks 1900-3500 clock ticks

1.1 Software Functions

The following is a list of NXP Sensor Fusion Library software functions found in the file
approximations.c.

Table 1. Sensor Fusion software functions

Functions Description Reference
float fasin_deg Inverse sine function (deg) range —90° to 90°. 2.1
(float x); Worst case error is 10.29 x 10°° deg.

float facos_deg Inverse cosine function (deg) range 0° to 180°. 2.2
(float x); Worst case error is 14.67 x 107° deg.

float fatan_deg Inverse arctangent (deg) range —90° to 90°. 2.3
(float x); Worst case error is 9.84 x 10 deg.

float fatan2_deg Inverse arctangent (deg) range —180° to 180°. 2.3
(float y, float X); |worstcase error is 9.84 x 10-¢ deg.

float fatan_15deg Inverse arctangent (deg) in range —15° to +15° only 2.4
(float x);
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2.1 Approximation to Inverse Sine (—90° to +90°)

The function fasin_deg computes the inverse sine of x as the inverse tangent of the
new argument J% The overhead of the square root and division is still less than the
—-X

overhead of the standard C inverse sine function.

Putting x = siné into the definition of the tangent gives:

sinf X X
tanf = =———=0=sin"lx=tan™?! (—) 1

cost /1 —x2 V1 —x2

Since cos@ is non-negative in the range —90° to +90°, the positive square root can be
taken in equation (1).

2.2 Approximation to Inverse Cosine (0° to +180°)

The function Facos_deg allows the inverse cosine of x to be determined as the inverse
V1-x2

" .

tangent of the new argument

Putting x = cos#@ into the definition of the tangent gives:

sind V1 — x2

cosO X

@)

tanf =

1—x2
=)

=0 =cos x = tan‘1<

Since sinf is non-negative in the range 0° to +180°, the positive square root can be
taken in equation (2).

The inverse tangent returns an angle in the range —90° to +90° but has additional valid
solutions at multiples of 180°. Since the inverse cosine is normally returned in the range
0° to 180°, 180° is added if the argument x is negative.

2.3 Approximation to Inverse Tangent (—90° to +90°)

The inverse tangent for angles in the range —90° to +90° is computed in function
fatan_deg which successively maps its argument to the inverse tangent of an angle in
the range from 0° to +15°.

Negative arguments are mapped to positive arguments using the identity:
tan~'(—x) = —tan~(x) 3)
An argument x greater than 1 (implying an angle above +45°) is mapped to argument
less than 1 (implying an angle below +45°) using the identity:
. T
) _ sm(i—e) _cosf 1

T _ 5\ sin®  tanf
cos (2 0)

tan (% -0 4)

The new argument is then compared with tan(15°). If the angle is above 15° (in the
range 15° to 45°) then it is mapped to the range —15° to 15° using the identity:
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tanf + tan
tan(0 + ¢) = I ¢

e ©)
— tanftang

Substituting ¢ = _?" (equal to —30°) gives:

(6)

1+ tanftan (%) 1 + tand (T%) tanf + /3

— T tand — <i> B
tan (9 —%) tand — tan (6) _ an V3 V3tant — 1

With the substitution x = tané:

V3-1 V3-1
tan(e_g)ﬂx%:e=(g)+mn-1(xx+ﬁ> @

The mappings used to restrict the argument range to —15° to 15° are then inverted to
give 6 in the range —90° to +90°.

Pade[3, 2] Approximation to Inverse Tangent (—15° to +15°)

The standard Pade[3,2] rational approximation to the inverse tangent expanded about
x=0Iis:

tan™'(x) ~ i (%) il = x{l T (%) xz} rad ®)
X

D)+ (D) @)+ dog (B +E) )~
1+ () )+

_ x(95.492965855 + 25.464790894x2)
h 1.666666666 + x2

deg ©)

(10)

deg

This rational expression is used in function fatan_15deg with slightly modified Pade
parameters selected to minimize the maximum error in the range 0° to +15°.

x(96.644395816 + 25.086941612x?) _
1.6867633134 + x2 ¢

(11)

tan™1(x) = g

Equation (11) is anti-symmetric about the origin as required since the inverse tangent is
anti-symmetric.
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3.1 Definitions

Draft — The document is a draft version only. The content is still under
internal review and subject to formal approval, which may result in
modifications or additions. NXP Semiconductors does not give any
representations or warranties as to the accuracy or completeness of
information included herein and shall have no liability for the consequences
of use of such information.

3.2 Disclaimers

Information in this document is provided solely to enable system and
software implementers to use NXP products. There are no express or
implied copyright licenses granted hereunder to design or fabricate any
integrated circuits based on the information in this document. NXP reserves
the right to make changes without further notice to any products herein.
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NXP makes no warranty, representation, or guarantee regarding the
suitability of its products for any particular purpose, nor does NXP assume
any liability arising out of the application or use of any product or circuit, and
specifically disclaims any and all liability, including without limitation
consequential or incidental damages. “Typical” parameters that may be
provided in NXP data sheets and/ or specifications can and do vary in
different applications, and actual performance may vary over time. All
operating parameters, including “typicals,” must be validated for each
customer application by customer's technical experts. NXP does not convey
any license under its patent rights nor the rights of others. NXP sells
products pursuant to standard terms and conditions of sale, which can be
found at the following address: nxp.com/salestermsandconditions.

3.3 Trademarks

Notice: All referenced brands, product names, service names and
trademarks are property of their respective owners.

NXP, the NXP logo, Freescale, and the Freescale logo are trademarks of
NXP B.V. ARM and Cortex are registered trademarks of ARM Limited (or its
subsidiaries) in the EU and/or elsewhere.
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